Solutions generating technique for Abel-type nonlinear ordinary differential equations  by Mak, M.K. et al.
An Intern~ional Journal 
mathematlcs 
computers & 
PERGAMON Computers and Mathematics with Applications 41 (2001) 1395-1401 
www.elsevier .nl/locate/camwa 
Solutions Generating Technique for 
Abel-Type Nonlinear Ordinary 
Differential Equations 
M. K. MAK 
Department of Physics, The Hong Kong University of Science and Technology 
Clear Water Bay, Hong Kong 
n .  W.  CHAN 
Software Technology Center 
Hong Kong Institute of Vocational Education 
Chai Wan, Hong Kong 
T. HARKO 
Department of Physics, The University of Hong Kong 
Pokfulam, Hong Kong 
(Received August 1999; revised and accepted April 2000) 
Abst rac t - -A  second-order nonlinear differential equation describing the dynamics of a bulk vis- 
cous fluid filled general relativistic Friedmann-Robertson-Walker Universe is considered. By means of 
appropriate ransformations, the evolution equation of the space-time is transformed into a third-order 
polynomial Abel differential equation. With the use of some particular solutions of this equation, 
repeated classes of exact solutions are generated. (~) 2001 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
The third degree polynomial Abel equation 
dy 
4-7 = Q(t)y3 + P(t)Y2' (1) 
where the coefficients Q(t) and P(t) are real functions in the variable t, plays an important  role 
in many physical and mathematical  problems. The Li@nard system 
dx 
dt Y' (2) 
dy 
- f (x )y -~(x) ,  (3) dt 
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describing nonlinear damped oscillations of a dynamical system, can always be reduced to a 
first-order first type Abel differential equation of the form 
d~= g(z)u ~ +/(x)u2 ' (4) 
dx 
with the new variable u -= 1/y. Differential equations of form (1) have been used to model the 
interior of static fluid spheres in a general relativistic framework [1], inflationary behavior in the 
early universe [2], vacuum cosmological models on the manifold R x M1 x ..- x Ms describing 
the evolution of n Einstein spaces of nonzero curvatures [3], and in the study of inhomogeneous 
dust cosmology of perfect fluid orthogonally transitive Abelian G2 and $2 space-time metrics 
admitting an additional homothety with the fluid flow tangent to its orbits [4]. 
Recently, a lot of work has been devoted to the study of general relativistic viscous cosmological 
models in the framework of the so-called full causal relativistic thermodynamics of Israel and 
Stewart [5,6]. 
The first attempts at creating a theory of relativistic dissipative fluids were those of Eckart [7] 
and Landau and Lifshitz [8]. These theories are now known to be pathological in several respects. 
Regardless of the choice of equation of state, all equilibrium states in these theories are unstable, 
and in addition, signals may be propagated through the fluid at velocities exceeding the speed 
of light [5,6]. The problems arise due to the first order nature of the theory, i.e., it considers 
only first-order deviations from the equilibrium leading to parabolic differential equations, hence 
to infinite speeds of propagation for heat flow and viscosity, which is in contradiction with the 
principle of causality. Infinite propagation speeds already constitute a difficulty at the classical 
level, since one does not expect hermal disturbances to be carried faster than the speed of light. 
Conventional theory is thus applicable only to phenomena which is "quasi-stationary", i.e., slowly 
varying on space and time scales characterized bymean free path and mean collision time. This is 
inadequate for many phenomena in high-energy astrophysics and relativistic osmology involving 
steep gradients or rapid variations. The deficiencies can be traced to the fact that the conventional 
theories (both classical and relativistic) make overly restrictive hypotheses concerning the relation 
between the fluxes and densities of entropy, energy, and particle number. 
A relativistic second-order theory was found by Israel [5] and developed by Israel and Stewart [6] 
into what is called 'transient' or 'extended' irreversible thermodynamics. In this theory, the 
deviations from equilibrium (bulk stress, heat flow, and shear stress) are treated as independent 
dynamical variables leading to a total of 14 dynamical fluid variables to be determined. In 
the causal theory, all the physical parameters are well behaved for all times, and the speed of 
propagation of signals cannot exceed the speed of light. 
To describe the dynamics of a flat Friedmann-Robertson-Walker space-time filled with a bulk 
viscous cosmological fluid, with bulk viscosity coefficient proportional to the Hubble function, 
the following second-order nonlinear differential equation has been proposed [9]: 
d2H AH dH - (1  +r)H -1 ~dH'~ 2 
dr-- ~ + ~ \ -~  ] + o~H 3 = O, (5) 
where H is the Hubble function and r, A, and a are constants. By means of the transformations 
f dy _ y(l+r)/2 
H 2 = y, 77 = A H dr, d~ ~ '  (6) 
equation (5) is transformed into the following first-order Abel type differential equation for the 
unknown function w: 
dw = Q(0)(y)w 3 + p(0)(y)w 2, (7) 
dy 
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where we denoted 
b = (1 - r )a  2b _~ = y-O+~)/2. , y , p (O) (y )  (8)  
)~2 Q(O)(y) = 1 - r 
For a study of some classes of exact solutions of equation (5) and their physical interpretation, 
see [10-16]. By introducing a new independent variable z = yO-~)/2 .2/ (1- r ) ,  r ¢ 1, equation (7) 
becomes 
d__w_w = bzw3 + w2" (9) 
dz 
By means of the substitut ion w = ( -1 /¢ ) -~z ,  equation (9) takes the form of an Euler-type linear 
second-order differential equation 
2 d'2z 
¢ ~+bz=O.  (10) 
2.  SOLUTIONS GENERATING METHOD 
In the previous section, we have reduced the strongly nonlinear differential equation (5) to a 
linear second-order equation (10). Equation (10) has the general solution given by 
1 
z = C1¢ ml + 6'2@ "~2, b < ~, 
1 
Z --= (C 3 + C4 In I l)v'V, b = 
(11) 
(12) 
(o) = (1 + v~-4b) /2  and m2 where Cj, j = 1,2, 3, 4, are constants of integration, ml  = m 1 -- 
m (°) = (1 - ~/1 - 4b)/2. For simplicity, we consider the case b < 1/4 only, and throughout he 
paper,  we use the subscript i representing the value of 1 and 2. By an appropr iate choice of values 
of integration constants, we obtain the following class of particular solutions to equation (7): 
l=r ,  1 w;O)(p)" _ -(1-, ')/2 b < - .  (13) 
2mi ~ ' 4 
We shall consider now that  equation (13) has two general solutions wi(y) which can be gener- 
ated from the part icular solutions obtained above by means of the transformation 
V (1) (1 ) (y )v} l ) (y )  --~ W! 0)(p), wi(y )  : 5(1) [ i (y)] = E i  (14) 
where ~ O)(y) are new unknown functions and • u i 
E}l)(y) = exp {: [3Q(°)(y)(w}°)(P))2 + 2P(°)(y)w}°)(P) 1dy}. (15) 
With the use of (13), we obtain 
(1) , b < ~. Ei (y) = y((1-r)/mJ(3b/2m~-l) 1 (16) 
Substitut ing (14) into equation (7), we obtain the following Abel type differential equation for 
V(1) / the new unknown function i (Y): 
( ) .  m (1,) . vi (1) 1) (y) v} + (y) v} dy (17) 
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where we denoted 
Qll)(y) -- M O) p(1)(y) .(1). (1/2)(M~'>-1) o9~1) 3b =By ~ , =1- - -  
2b 
B~_~ 
1 - - r '  L m~ ~m~ - 1 . 
By introducing a new independent variable 
hl~) _ 2 y(~+M:l))/2, 
l+M[~) (is) 
equation (17) becomes 
By means of the substitution 
(20) 
we obtain the following linear second-order Euler type differential equation for the functions 
¢(1) (h(i) ~ • i \ i s '  
+ i ~ + = 0. (21) d (~11)) 2 (1 - (M~I)) (~(1) dhll)d¢i (1-~-2 M:I)) hll) 
If 
(o~1) )2 -2B(1+/~ 1)) >0, 
the general solution of equation (21) is given by 
(22) 
_(i)~ 
~I ~)= E ~ (~I~)) '''~ , k=l,2 
(23) 
where we denoted 
W~ 1)-~- i(02~1))2 -2B  (1-~-//(1)) 
rn~ 1)k = k = 1 or 2. (24) 
2 
Condition (23) leads to a consistency relation for b of the form 
(0) b(1 - b) (25) 
mi > 1-2------~' 
that is satisfied by m~ °) and rn~ °). From (22), by taking the integration constants b~ or b 2 equal 
to zero, we obtain two particular solutions of equation (22) of the form 
. . ~(1)k 
hl 1) =b~ C~')) ''' , k : lo r  2, (26) 
leading to the following set of particular solutions of (19): 
d¢l ') 1 + M~I)y_(i+M~',)/2. 
V~ I)(p)- ~11)__ dh~l ) .~ ~d~l ) (27) 
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v}l)(y) L (2) [ (  ] V(1)(P), , : ¢?% : + ,  
where 
1399 
(28) 
By means of the transformation 
_(1)k -w  _(1)k ' k = 1 or 2, (31) 
71~ i 'H;, i 
Q(2>, , i  ty ,=BY , ,M") p(,)(y)=mi(2)y<i/2>(M}'>-,], ' ,  w} '>--wi'<1>- 3B( I+M? )) 
2m}l)k (32) 
3. A NEW CLASS OF SOLUTIONS 
Equation (17) can be integrated if and only if the functions Q~l)(y) and p(1)(y) satisfy the 
mathematical condition 
d (Q~Z>(y)~ =~(1)p(l>, ,, (33) 
where al l) is a constant. With the definition of Q}')(y), p(Z)(y), and (33), we obtain the following 
algebraic parametric compatibility relation among the constants gtl 1), w} z), M (1) , and B: 
~'~I 1) -- £ (M~I) =) = 1) • 
L~ 1) (Y) ---- Q}l).(y) v} 1) (Y). p[1)@) 
Equation (17) is transformed into the following first-order differential equation: 
dL~ 1)dT -- (°2}1)) 2 (1)((L11))2 j_LII) ~Ii)) 
B--------~ Li + . 
The general solution of (36) can be expressed as 
2/(Mt')+l) 
L~ I> _2G~')/(M[l)_l_l) 
Y : i ( L~ l ) )2  -I- L~ 1) -t- ~?)  " ' 
(34) 
(35) 
(36) 
(37) 
where 
~n(1)r , (1)(p)] ,,,. j,,), ,,0> 
we obtain from (17) for the unknown functions v}2)(y) the Abel type differential equation 
dy 
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where, without any loss of generality, we have set an arbitrary integration constant equal to one, 
we denoted AI 1) = 1 - 4f~l 1) and 
1 f dLl 1) (38) 
The functions GI 1) are given by 
GI,) _ ~ 2LI 1) + 1 - A~,  (.1) if AI 1) > 0, (39) 
a l l ) _  1 i fAl  l) =0,  (40) 
2LI 1) + 1' 
GI1) 1 ~ 2L} 11 +1 ) (1) 
= ~ arctan , if < 0. (41) 
Therefore, the general solution of equation (5) is given by 
t~ --riO-- B L~') (0~1)) , ...... ~-.)/, . +1) 0~1) ) 2v0~1)_~_~1)1/2(h4~1)-i-1)-1 
' )k (0.)!1)~ ~:) 
(42) 
k / (1) ) x I wi t)! 1) 1 - r eC~')/(U~l)+,) dO(, ) 
511) e--Gll)/(M~1)+1 ) 
Hi = . (43) 
Here, in (42), we have written 0} 1) for the variable of integration to distinguish it from the 
r.(1) independent variable _~L (1), and we denoted tio and ~io as the initial integration limits. 
For n = 1, b < 1/4, and AI 1) > 0, equations (42) and (43) give a parametric representation 
(LI 1) as parameter) of the solutions of equation (5). The solution for n = 0 has been recently 
obtained in the paper [13]. It is possible to repeat the previous procedures in Section 2 by 
obtaining the general solution of equation (30), and then by means of transformation (28) to 
generate a set of functions (3) vi (y) which will satisfy again the Abel equation of form (30). Using 
the previous generating method, we obtain the following recurrence relations: 
) ( ) M:n) .~_ l~ l~n-1)~_2  I+M~ n-l) (n-l) I+M~ n-l) __(n-1)k - w~ __(n-1)k ' k = 1 or 2, (44) 
• 11~ i 'lit i 
w(n) .(n-l, 3B (1 q- M: n - l ) )  
i =w i - , k= lor2 ,  (45) 2mln-1) k
w~ n) =ki(w~"))-2B(l+M:n) ) 
m~ n)k = k=lor2 ,  (46) 
2 
With the use of (44)-(47), the solutions v~ n) (y) for the positive integer n > 3 repeat he previous 
solution. Therefore, we have obtained only a limited number of solutions to equation (5). 
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4. CONCLUDING REMARKS 
In the present paper, we have presented an algorithm for obtaining repeated classes of exact 
solutions of the strongly nonlinear equation (5). Equation (5) can be reduced, with the use 
of some appropriate transformations, to a first-order Abel type equation. The validity of the 
method is restricted to coefficients Q(t) and P(t)  of the initial equation satisfying equation (33). 
In the considered case, this condition imposes ome compatibil ity relations between the constants 
involved in the model, restricting. From a physical point of view, this means a restriction of the 
range of some physical quantities like viscosity coefficient, relaxation time, etc. The presented 
method can generally work for all third Abel-type differential equations for which condition (33) is 
satisfied and for which some particular solutions can be obtained. On the other hand, the method 
presented in this paper can be generalized to other classes of nonlinear ordinary differential 
equations. In principle, if a particular solution of a nonlinear ODE and a transformation which 
leads again to the same equation is found, then we can generate an infinite class of solutions of 
that  differential equation. 
Finally, we shall give the physical interpretation of the obtained solutions of the cosmological 
evolution equation (5) (see [12,13] for a detailed discussion of physical aspects of bulk viscous 
cosmological models). The evolution of the universe described by (5) starts from a vacuum state 
with zero energy. As a result of dissipative processes, the universe gradually built up matter  and 
entropy. In this model, also the gravitational entropy takes a simple meaning as associated to 
the entropy that  is necessary to produce matter. Due to the matter creation process modeled on 
a phenomenological level by means of bulk-viscous type phenomena, particles are continuously 
added to space-time, Hence, generally equation (5) describes an expanding universe with matter 
creation, and its solutions obtained in the present paper can describe a well-determined period 
of evolution of our universe. 
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